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BLOCH POINT IN THE DOMAIN WALL 
OF A CYLINDRICAL FERROMAGNETIC  
NANOWIRE AS A HARMONIC OSCILLATOR:  
CLASSICAL AND QUANTUM PROPERTIES

The oscillatory properties (both classical and quantum ones) of the Bloch point (BP) in 
the domain wall of a cylindrical ferromagnetic nanowire are reviewed. Based on the 
presented results, it is concluded that BP can be considered as a harmonic oscillator. In 
this case, the quantum oscillations of BP are a type of magnetic macroscopic quantum 
effect [1] that occurs in nickel and iron nanowires at liquid-helium temperatures. It is 
shown the transformation of the BP wave packet into beat that ensures the transfer of 
the quantum-oscillator energy. The presented results are of particular interest in the 
context of the development of up-to-date nanotechnologies based on the physical prop­
erties of cylindrical ferromagnetic nanowires, the magnetic structure of which is char­
acterised by the domain wall with BP.
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1. Introduction

The study of the physical properties of nanowires is one of the priority 
tasks in nanoscale science. Due to their unique properties, nanowires are 
widely used in modern technologies. For example, ferromagnetic nanow­
ires (FNs) [1] are already considered as promising materials for targeted 
delivery of drugs, treatment of oncological diseases, warming up cryopre­
served organs and biological tissues [2–6]. The application of FNs in data 
storage devices and nanosensors is also promising [7–9]. The idea of creat­
ing neural networks based on arrays of thin nanowires (≈1 nm) with elec­
trical conductivity [10] looks promising and interesting as well. More de­
tailed information on the practical application of nanowires can be found 
in the monographs [11, 12].

Among the wide variety of FNs, we select cylindrical nanowires. In 
these objects, the formation of domain walls (DWs) is possible. The stable 
magnetic configurations of these walls correspond to DWs of transverse 
type (the magnetisation vector M

→
 between neighbouring domains rotates 

perpendicularly to the DW plane), and DWs with the Bloch point. In this 
case, the thermal motion of DW is a significant factor affecting the ther­
modynamic and magnetocaloric properties of the cylindrical FNs (see Refs. 
[13–17]). In addition to the above types of DWs, an intermediate meta­
stable state of the magnetisation vector distribution can form in the cylin­
drical FNs, so-called asymmetric DW [18]. In this connection, the papers 
[19–21] should be especially mentioned, where the conditions under which 
structural transitions between different types of DWs (transverse, asym­
metric and DW with a Bloch point) in FNs take place are determined.

Many aspects related to the topological, structural and dynamic prop­
erties of BPs in DWs of various ferromagnetic nanosystems, such as mag­
netic bubble materials, nanowires, nanospheres and nanotubes, skyrmions, 
nanodisks and nanostrips, were studied theoretically and experimentally 
(see Refs. [22–41]). From the results of these investigations, it follows 
that when external fields are not applied, BP is in a metastable energy 
state and is localised in the centre of DW. At the same time, the demagne­
tising field of the ferromagnet can remove the degeneration of the mag­
netic structure of the DW sections separated by the BP, which leads to BP 
small oscillations. This case was considered in article [42] for BP in the 
DW of a cylindrical FN. In this work, the estimations for the maximum 
values of the natural frequency of BP oscillations in iron and nickel 
nanowires have been obtained. In addition, the possibility of practical im­
plementation of the resonant oscillations of BP by an external alternating 
magnetic field was shown.

It should be noted that BP, along with other nanoscale magnetic topo­
logical solitons such as DW and vertical Bloch lines (subdomains inside 
DW), has quantum properties that in magnetic bubble materials have been 
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investigated in works [43–52]. Quantum fluctuations of the magnetisation 
vector near the singularity centre of the Bloch point are considered in the 
article [53]. Thus, it is timely to study the quantum harmonic oscillations 
of BP in the domain wall of cylindrical FN. This problem in the quasi-
classical approximation was considered in the paper [54]. The conditions 
for BP oscillations excitation in an external uniform magnetic field are 
established as well.

The above shows that the Bloch point in DW of cylindrical FN can be 
regarded as a harmonic oscillator. The grounding of this narrative based 
on works [21, 42, 50, 54] will be given in the present paper. In the first 
section of the paper, let us determine the magnetic structure of BP in the 
domain wall of cylindrical FN. The effective mass of BP will be specified 
in the second section. Further, using these results, we will study oscilla­
tory properties of BP: classical and quantum. We will also consider the 
time evolution of the BP wave packet and determine the characteristic 
time of its transformation into beats and back.

2. Bloch Point Magnetic Structure

Let us find out the behaviour of the magnetisation vector M
→
 of the Bloch 

point. For this purpose, we write the expression for the density of the DW 
exchange energy we:

	

2 2 2

2
e

M M M
w AM

x y z
−

      ∂ ∂ ∂ = + +      ∂ ∂ ∂      

  

,	 (1)

where A is the exchange constant.
Later, following Ref. [22], we find variation of expression 2

ew M− λ  
with respect to vector M

→
, where λ is the indefinite Lagrange multiplier. 

Then, taking into account Eq. (1), we have for the ( ) ( ) ( )r r r rM MR r Z z= Φ ϕ  
component of the magnetisation vector in a cylindrical coordinate system 
with the Oz axis directed along the longitudinal axis of the cylinder:

	 2
1 2

1
0r

r

R
R

   ∂ ∂ λ
ρ + λ − λ − =   ρ ∂ρ ∂ρ ρ   

,	 (2)

where rρ = δ , z z′ = δ , 1 2( )A Mδ = —BP characteristic scale, λ1 and λ2 are 
the multipliers from the following equations: 2 2

1 0r rd Z dz Z′ + λ = , and 
2 2

2 0r rd dΦ ϕ + λ Φ = . Similar relationships can be written for the compo­
nents Mφ and Mz.

We seek solutions that are homogeneous in and near the centre of the 
Bloch point singularity: z′ << 1, 1ρ  . This means that 

2 0λ = . Solution (2) 
provides the first order of smallness in z′. This solution corresponds to the 
first term in the expansion of the function sinrZ z′=  (we choose the con­
stant equal to 1); so, 

1 1λ = . As a result, we obtain from Eq. (2) the zeroth-
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order Bessel equation. Its solutions are the Bessel 0( 1 )J λ − ρ  and Neumann 

0( 1 )N λ − ρ  functions. The latter has a logarithmic divergence at 0ρ → . 
Choosing 

0( 1 )N λ − ρ  as a solution, and expanding it in a series at 1ρ  , 
we find
	 ( )( )2

ln 1 0.11593rM M z′= λ − ρ −
π

.	 (3)

Similarly, we also find the components Mz and Mφ of the magnetisa­
tion vector:b   
	 ( )21 2zM M z′= ± − , 0Mϕ = .	 (4)

It is easy to verify that, taking the limit ( , )z′ρ  to 0 at the singularity 
point, we get 0rM →  and 

zM M→ ± , as it should be. This proves the cor­
rectness of our solutions.

The factor λ is determined from the condition 
rM Mz′= . We have also 

2 2 2 1r zM M Mϕ+ + = . So, using (3), we find 21 29.2λ = + ρ .
Taking into account this result and expressions (4), we write the for­

mulas for the components of the vector M


 of the Bloch point in the small 
neighbourhood of the centre of the BP singularity in the final form:

	 rM M z= δ,  0Mϕ = ,  2 2(1 2 )zM M z= ± − δ .	 (5)

It should be noted that solutions (5) correspond to the so-called ‘diver­
gent’ magnetic structure of the Bloch point (Figs. 1, left and 2).

Besides BP magnetisation distribution (5), there can also be a conver­
gent structure: rM M z= − δ  ( 21 0.054 ( )rλ = + δ ) (Fig. 1, right). The pos­
sibility of other magnetic configurations of BP, that are the result of 
unitary transformations of the coordinate axes, is considered in the papers 
[22, 25].

Later, from (5), we find that the magnetisation component Mz is equal 
to –0.84M at DWz = δ . In turn, the DWδ = δ π  is a parameter of the width 
of a transverse DW in which the distribution of the vector M



 along the 
OZ axis has the form DWtanh( )zM M z= − δ  [13]. From this formula, we 
find that Mz = –0.76M at the point DWz = δ . Comparison of the above re­
sults shows that the δDW can also be considered as a parameter of the DW 
width with the Bloch point.

Let us define the BP core as a region near the singularity centre in 
which 

c

2
BPA r — the exchange energy of BP by order of magnitude corre­

sponds to 2

nmw M∝ π — the FN magnetostatic energy, which ‘directs’ the 
magnetisation vector along the OZ axis. In this case, the characteristic 
radius of the BP core is 

cBPr ∝ δ π . It is easy to see that 
CBPr  coincides 

with the expression for δDW.
The magnetic structure of BP, located before its core, can be consid­

ered as the transition region of BP. Obviously, its characteristic size is 

DWδ − δ . In the BP transition region, the deformation of the magnetic 
structure of the DW starts, which is a consequence of the effect of the 
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Fig. 2. Behaviour of the magnetisation vector near the singularity centre of a ‘diver­
gent’ BP [42]

Fig. 1. Configurations of magnetisation vec­
tor in the small neighbourhood of the centre 
of BP singularity in cylindrical FN: left —
magnetic structure directed from BP centre; 
right — magnetic structure directed to BP 
centre. The OZ axis of the cylindrical coordi­
nate system is perpendicular to the page [21]

exchange field eH  on the field 
M

H
ε

  induced by the magnetic moment 
34 3M Mrε ε= π

 

 in an infinitesimally small neighbourhood of radius rε. In 
this region, the interaction of Mε



 with other magnetic moments of the fer­
romagnet is not taken into account (see in Ref. [55]). In this case, the 
magnetic field of the remaining part of the dipole sum (r > rε) exceeds the 
field He. Obviously, the vector eH



 is oriented in the same direction as the 
‘magnetic anisotropy’ field, i.e., either along or opposite the normal to the 
DW. As a result, the magnetisation vector deviates from its direction in 
the central plane of the DW. Since e M

H H
ε

≈ 〈 〉  (where 2
M

H M
ε

〈 〉 =  is the 
magnitude of 

M
H

ε

  averaged over the directions of the normal to the DW) 
in the transition zone, it is natural to assume that this effect is small in 
this DW zone; however, it sharply increases e( )

M
H H

ε
〈 〉

  in the centre of 
the core. At this point, the magnetisation is directed strictly along the 
normal to the central section of the DW plane.

The radius of the vortex magnetic structure decreases with further 
approach to the core. The minimum value of the radius at which this dis­
tribution of the magnetisation vectors still takes place is determined by 
the core scale. The structure itself appears in the form of two pairs of op­
positely oriented magnetisation vectors m



 directed along the tangents to 
the circle of radius δDW (Fig. 3). This is the minimum magnitude of m



 
needed for vortex forming. In this case, the absolute values of m



 (as well 
as the area of the cell formed by them) are the lowest magnetisation vec­
tors in the central plane of the DW. It is easy to see that the development 
of the vortex structure according to the directions (displacement and rota­
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tion) determined by the vectors m


 leads to the formation of a DW with a 
Bloch point (Fig. 4).

Considering the above, it is natural to name this magnetic configura­
tion ‘a primitive vortex cell’, by analogy with the crystallographic term. 
Similarly, a cell is also confirmed by the result obtained by means of mi­
cromagnetic simulation of the magnetic structure of a DW with a Bloch 
point in a cylindrical permalloy nanowire in Ref. [19]. Further analysis 
will be carried out in a rectangular Cartesian co-ordinate system with OХ 
and OY axes oriented along the spatial directions of the vector m



. We will 
also neglect the normal component of the vector M



 in the transition zone 
of the Bloch point. This means that the magnetic structure of this section 
of the DW has a vortex nature solely.

Note that, using the concept of ‘a primitive vortex cell’, in the article 
[56], a fractal algorithm of structure building of the magnetic structure of 
the central plane of the DW with a Bloch point was proposed.

3. Bloch Point Effective Mass

Let us consider the displacement of the BP. Since the magnetic structure 
of the DW should be preserved in this case, the motion of the BP occurs 
along the spatial directions of the primitive vortex cell. Taking into ac­
count this fact, and assuming the process to be self-stimulating, we con­
sider the displacement of the soliton along the OХ axis of the Cartesian 
coordinate system. In this case, the velocity of the Bloch point centre BPx  
should be significantly lower than the velocity of the precession of vector 

Fig. 4. Distribution of magnetisation vectors M


 in the central plane of DW with the 
Bloch point [42]

Fig. 3. Primitive vortex cell of DW with the Bloch point. The vectors m


 determine 
both the spatial development of the magnetic structure of a DW with the Bloch point 
and the direction of rotation of the magnetisation vectors in it. The OХ and OY axes 
of the Cartesian coordinate system are oriented along the vectors m

  [42]
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yM


 around the demagnetisation field of the Bloch point 4
yd yH M′ ≈ − π

 

. 
This field has the maximum value 4 M≈ − π  at the point 0x = , y = δ , and 
is equal to zero at the centre of BP. The actual scale corresponding to the 
characteristic change of this field is δ. Taking the average value 

2
ydH M′ ≈ − π  in this interval, we get

	 BP 2x Mπ γδ


,	 (6)

where 72 10γ = ⋅  Oe/s is the gyromagnetic ratio.
The effective mass of the Bloch point mBP is found from the relation [57]

	

2
BP BP BP

1 1

2 2zzF q m x=  ,	 (7)

where 
zz gF dxdydzf= ∫  is the force that initiates the local bending of the 

domain wall centre 
BPz

q  whose sign is determined by the gyrotropic Thiel 

force ( ) BPzg yf M g x = γ × 





 , siny z xg  = − θ ∇ θ × ∇ ϕ 
 



 is the gyrotropic vector, θ 

and φ are the polar and azimuth angles of the vector M


, respectively [58].
Given the explicit form of 

zgf


, the force zF  can be written as

	
BP cosz

M
F x dz dxdy

z x

∂ ∂ϕ
= − θ

γ ∂ ∂∫ ∫ .	 (8)

The finite value of BPz
q  indicates the movement of the Bloch point 

with a speed BPx  along the OZ axis. The self-stimulating condition in this 
case is obviously equivalent to the inequality

	 BP DWz
q  δ .	 (9)

Since (6) and (9) characterise the same self-stimulating process, it is 
natural to assume that the ratio BP 2x Mπγ δ  has the same order of small­
ness as the term BP DWz

q δ : BP BP DW2
z

x M qπγ δ ≅ δ .
Using this formula, we find BPz

q , and after integration in Eq. (8), we 
obtain the expression for the effective mass of the Bloch point in its tran­
sition zone from (7):

	 DW DW
BP 2

2
1m

δ δ = − γ δ 
.	 (10)

Let us now consider the core zone. In this case, the characteristic zone 
of spin wave propagation is limited by the scale DWδ . Then BPz

q  is deter­
mined from the relation BP DW BP DW2

z
x M qπγ δ ≅ δ : BP BP 2

z
q x M= πγ .

Taking into account this result, formulas (5), from which it fol- 

lows that ( )
DW DW

DW

2

DW

0

cos 2 cosdz dz
z z

δ δ

−δ

∂ ∂
θ = θ = δ δ

∂ ∂∫ ∫ , and the fact that 

DWDW
| |
x x=δ =−δϕ − ϕ = π (see also Fig. 3), Eqs. (8) and (7), we obtain the expres­

sion for the effective mass of the Bloch point in the zone of its core:

	 ( )2DW
BP DW2

m
δ

= δ δ
γ

.	 (11)
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An analysis of formulas (10) and (11) shows that the order of magni­
tude of the effective mass of a point soliton is determined by the magnetic 
structure of the zone transitional to its core:

	 2
BP DWm ≅ δ γ .	 (12)

The same expression was obtained for the effective mass of the BP in 
a ferromagnet with strong uniaxial magnetic anisotropy [59]. The coinci­
dence of these formulas is a consequence of the uniaxial nature of the 
magnetic anisotropy of the systems. In both cases, the main contribution 
to the effective mass comes from the magnetic structure of the BP transi­
tion zone. Obviously, Eqs. (10)–(12) are also applicable when the BP moves 
along the OY axis due to the symmetry of the system under consideration. 
For iron and nickel cylindrical nanowires, we obtain the following results 
from Eq. (12): 

Fe

21
BP 1.2 10m −≈ ⋅  g and 

Ni

21
BP 2.8 10m −≈ ⋅  g.

4. Bloch Point Harmonic Oscillations

Let us now consider the possibility of harmonic oscillations of BP in a cy­
lindrical FN. For this process, the soliton should be affected by a force 
directed against the movement and depending on the displacement coordi­
nate, in addition to having an inertial characteristic (mass). The source of 
such a force is the demagnetisation field of the FN, which ‘directs’ the 
magnetisation vectors of a transverse DW along the tangents to the con­
centric circles in the central section of the DW. To find this field, we will 
assume that the nanowire radius a significantly exceeds δDW. Let us con­
sider the semicircles along which the magnetic charges, induced by the 
component Mx of the magnetisation vector of the transverse DW in the 
near-surface layer of the FN, are located. The layer thickness is assumed 
equal to δDW. The choice of δDW as a measure of smallness, and, according­
ly, proximity to the surface of the nanowire, is explained by the minimum 
value of this scale among the characteristic dimensions of the systems 
under consideration.

Taking into account this approximation, the semicircles can be consid­
ered as thin ‘threads’ perpendicular to the corresponding directions of 
their radii. Based on [60], we can write the following expression for the 
magnetic field scalar potential ψ [61] in the layer δDW, induced by the 
‘threads’ oriented along the OY axis:

	 1 DW 22 ln 2 ln2aψ = τ δ + τ ,	 (13)

where 
1,21,2 mdq dlτ =  is the density of magnetic charges per unit length of 

the ‘thread’ of the upper and lower semicircles of the DW, respectively, 

1,2mdq  is the magnetic charge of an infinitely small section dl of the ‘thread’.
In turn, the density of the surface magnetic charges σ1,2 is

	
1,2

2
1,2 mq l l′σ = ∂ ∂ ∂ ,	 (14)
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where dl′ is the infinitesimally small 
width element of the ‘thread’. Since 
dl dl′ =  and 1,2 Mσ = ±  for a thin ‘thread’ 
(in the case under consideration), it is 
easy to find from Eq. (14) by integrating 
over dl that 1 2 aMτ = −τ = ±π .

Next, multiplying the magnetic potential ψ by 2mρ , where 2m a M aρ ≅ ∆σ π = π 
2m a M aρ ≅ ∆σ π = π  is the volume density of magnetic charges, and taking 

into account Eq. (13), we obtain an expression 
DW

2
DW2 ln2w M aδ = ± δ  for 

the specific demagnetisation energy in a thin layer δDW.
From this relation, we determine the magnetic field 

DWy
Hδ :

	
DW DW4 ln2

y
H M aδ = δ

.	 (15)

Obviously, the value of the demagnetisation field should decrease with 
approaching to the centre of the DW, and it becomes zero at the point 

0x = . Taking into account this fact, and basing on Eq. (15), we can write 
the following model expression for the demagnetisation field 

ydH  that acts 
on the magnetic structure of a DW with the Bloch point:

	 ( ) 4 ln
yd

a x
H x M

a x

+
=

−


.	 (16)

It is worthwhile to note that expression (16) is similar to the formula 
for the demagnetisation field induced by the surface magnetic charges of 
a Bloch DW inside a uniaxial ferromagnetic film [62].

Assuming the variable x  is the coordinate of the displacement of the 
Bloch point centre BPx  in the expression (16), we can write the interaction 
energy of the Bloch point 

BP, dy
HW  with the field 

ydH


 after a series of trans­
formations as

	
2

BP, BP

8
sin sin

dy
H

M
W x dxdydz

a
= θ ϕ∫ .	 (17)

Let us expand it in the series 0
0 0 BPsin sin cos x

x

∂ϕ
ϕ ≅ ϕ + ϕ

∂
, where 0tg x yϕ = 

0tg x yϕ = is the vortex solution for the distribution of the magnetisation vec­
tor (see Fig. 5); we also take into account that in the DW zone the relation 

DWsin zθ δ ∂θ ∂  takes place. We find from Eq. (17) after integrating over 

the transition zone of the Bloch point: 2 2 2DW
BP, DW BP

1
16

2dy
HW M x

a

δ − δ = π δ  
 

.

According to Eq. (5), the contribution of the Bloch point core zone to 
the energy of interaction with the field 

ydH  can be assumed equal to zero.

Fig. 5. Fragment of vortex magnetic structure 
of the transition zone of the Bloch point; 
tg x yϕ = , 0y < . The angle between the vector 
M


 and the OХ axis is π − ϕ  [42]



34	 ISSN 1608-1021. Prog. Phys. Met., 2026, Vol. 27, No. 1

A.B. Shevchenko, A.V. Minitskyi, O.V. Oliinyk, and M.Yu. Barabash

The above expression allows us to find the stiffness coefficient 
2 2

BP DW DW16 ( )k M a= π δ δ − δ . Using Eq. (10), we obtain the formula for the 
natural frequency of the Bloch point harmonic oscillations 

BP BP BPk mω = :

	
1 2

BP 2 Ma

δ ω = ω 
 

,	 (18)

where 4M Mω = πγ .
It should be noted that the value of ωBP in formula (18) differs from 

the similar parameter of the Bloch point in Ref. [56] by a coefficient 1 2. 
This is a consequence of large Q values (the quality factor of magnetic 
films that was considered in Ref. [59]). In our case, we have Q = π (see in 
Ref. [21]). Therefore, formula (18) coincides with the expression for the 
frequency of natural vibrations of the Bloch point in Ref. [59] only in the 
order of magnitude. The same holds for formula (8) for the effective mass 
of a Bloch point.

Taking into account the criterion for the formation of a DW with a 
Bloch point in a nanowire lna δ ≥ π [21], we find from Eq. (18) 

2
BP 2Me−πω ≤ ω . Using this relation, we determine the maximum values 

of the natural frequencies of the Bloch point in iron and nickel nanowires: 

FeBP 10ω ≈  GHz and 
NiBP 3ω ≈  GHz, respectively.

Note that expression (18) corresponds to the frequency of harmonic 
oscillations of a Bloch point relative to the ОХ and OY axes of the chosen 
coordinate system. Therefore, to excite the resonant oscillations of the 
Bloch point, it is necessary to have an external alternating magnetic field 
applied along one of the indicated directions. This field removes the ener­
gy degeneracy of the DW segments separated by the Bloch point along 
another axis. As a result, the Bloch point moves, and the elastic force 
from the demagnetisation field counteracts that.

It should be said that the effect of demagnetisation fields 
xdH  and 

ydH  
on the Bloch point magnetic structure leads to the occurrence of torsional 
oscillations of the Bloch point about the axis OZ as well. Setting in for­
mula (16) x a= − δ, and assuming the moment of inertia of the Bloch 
point to be 2

BP 2m δ , after a series of simple transformations, we find the 

small oscillations frequency ln2
ln2M

M Ma
ω + π

δ ≥ ω ≈ ω
ππ

. The rotational 

properties of the primitive vortex cell cause this result.
Let us consider oscillations of the Bloch point along the OX axis under 

the action of an external magnetic field 0 cosy yH H te= Ω




. Integrating the 
interaction energy of this field with the Bloch point and taking into ac­
count Eq. (10), it is easy to obtain the following equation for the Bloch 
point oscillations:

	 2 2
BP BP BP BP 0

1
2 cos

4r M Mx x x h t′+ α ω + ω = ω δ Ω ,	 (19)
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where ( 0.5 ln )
8( 1)

r
r

α π′α = π + π
π −

, αr is the damping ratio of the magnetisa­

tion vector, and 0 0 8h H M= .
In Eq. (19), the term corresponding to the dissipation of the magne­

tisation vector was determined by integrating the dissipative function 
over the region of the BP. Based on Ref. [63], the density of the dis- 

si pative function can be written as follows: ( ) ( )2 22
0 BPsinr r x

M
f z x x e = −α ∂θ ∂ + θ ∂ϕ ∂ γ







( ) ( )2 22
0 BPsinr r x

M
f z x x e = −α ∂θ ∂ + θ ∂ϕ ∂ γ





 .

Integrating this expression over the core region, we assumed 
2 2 2

DW( ) cosz −∂θ ∂ ≈ δ θ . Taking into account the term 2sin∝ θ  in this seg­
ment takes us beyond the approximation in which the formulas (5) were 
obtained.

Using Eq. (18), from Eq. (19), we find the frequency Ωr of the Bloch 
point resonant oscillations and corresponding amplitude 

rBPx :

	 ( )2

r 2
2M ra

δ ′Ω = ω − α ,  

( )
r

0
BP

2
8

2r r

h
x

a

δ
=

δ′ ′α − α

.	 (20)

It is natural to assume that the oscillation amplitude 
rBPx  does not 

exceed the characteristic size of the system δ. Then, assuming a e−πδ ≅  
and 310r

−α ≅  (we consider the case of low attenuation), we obtain the esti­
mate for the magnitude of the amplitude of the external magnetic field 
from (20): 3

0 10h −≤ . In this case, the resonant frequency is r BPΩ ≈ ω .
An analysis of the next non-zero term in the expansion of the energy 

of interaction of the Bloch point with the field 
yH


 shows that it is lower 
by a factor of 2

BP( )x δ  than the linear term in Eq. (19). Obviously, an 
equation similar to Eq. (19) can also be obtained for an alternating mag­
netic field oriented along the OX axis. In this case, the forced oscillations 
of the Bloch point occur along the OY axis of the Cartesian coordinate 
system.

Let us consider the possibility of implementing resonant oscillations 
of the Bloch point, estimating the quality factor of the systemQ. To do 
this, we use formula BP rQ = ω ∆ω , where r∆ω  is the width of the resonance 
curve. In the case of weak attenuation, we have r 2 3 r M

′∆ω = α ω  [64]. Tak­
ing into account the explicit form of the coefficient r

′α  (see Eq. (19)), and 
assuming 310r

−α ≅ , 25 10a −δ ≅ ⋅ , we find 43Q ≈ . This value of the qual­
ity factor exceeds 30, which indicates the possibility of experimental ob­
servation of the resonant harmonic oscillations of the BP by means of ra­
dio frequency measurements.
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5. Bloch Point Quantum Oscillations

Based on the general principles of the theory of a quantum oscillator [65], 
we can write the energy of the BP quantum oscillations BPn

E  as

	 BP BPn
E n= ω ,	 (21)

where  is the Planck constant, 1n   is the principal quantum number. 
The BP oscillations occur along the basis vectors of the primitive vortex 
cell (in our case, along the OX or OY axes).

Within the quasi-classical approximation, the amplitude of harmonic 
oscillations 

BPn
A  is determined by comparing its total oscillation energy 

2 2
BP BP BP 2

n
m Aω  and energy (21):

	 BP
BP BP

2
n

n
A

m
=

ω


.	 (22)

Suppose that oscillations of the BP occur along the OX axis. Then quan­
tum transitions to the quasi-classical region of the BP energy spectrum can 
be induced by an external uniform magnetic field x xH He=





 (where xe


 is the 
unit vector along the OX axis). In this case, according to Ref. [50], the av­

erage energy 
BP,

2
xH

W   of the BP interaction with the field xH


 should sig­

nificantly exceed the interlevel energy BPω . Using Eq. (19), we can write

	 2
BP BPBP,

1 1

2 8x
MH

W hm x= − ω δ 〈 〉 ,	 (23)

where 8h H M= , and BPx〈 〉 is the average displacement of the BP centre 
under the influence of the magnetic field.

Equating 
BP,

1

2 xH
W   to 2 2

BP BP BP

1

2
m x− ω , we determine the average dis­

placement 2 2
BP BP4Mx h〈 〉 = ω δ ω . After substituting this expression into Eq. 

(23) and taking into account the relation BP, BP2
xHW ω 

, we find the 
amplitudes of the magnetic fields that provide the quasi-classical nature 
of the oscillation process:

	
c

3 4

BP

2

2q Mh h E
a

δ = ω π  
 

,	 (24)

where 
cBP 2E A= δ π  is the energy of the BP core [21].

Let us now derive an expression for evaluating the magnitudes of 
magnetic fields for which we can neglect the force of viscous damping of 
magnetisation, Fr.

Referring to formula (19), we can write the force Fr as
	

BP BP BP2
nr r MF A m′= α ω ω .	 (25)

Then, according to Eqs. (22), (23), and (25), the force Fr can be ne­
glected for magnetic field amplitudes

	
c

1 4

BP

4

2
r M

rh h
a E

′α δ ω =  π π 



 .	 (26)
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Note that the quantum nature of the BP motion should also manifest 
itself in the corresponding behaviour of the DW gyrotropic bending caused 
by the BP dynamics. Actually, taking into account formula (23) and the 
expression for the DW gyrotropic bending in the core zone (see above), we 
find that the ‘quantisation’ BPn

q  bending also occurs:

	
c

1 4
BP BP

BP
BP2 2

n

n

M
A n

q
M a E

ω δ ω ≅ = δ γ  



.	 (27)

Let us evaluate the formulas (27) for nickel and iron nanowires with 
the following parameters: ANi ≅ 10–6 Oe/cm, AFe ≅ 2 · 10–6 Oe/cm, MNi ≅  
≅ 5 · 102 Gs, MFe ≅ 1.7 · 103 Gs, n ≅ 10. In this case, we take into account 
that, according to Ref. [21], the radius of the nanowire, in which the BP 
forms, satisfies the relationship ( )a e−πδ ≤ . Then, we find from Eqs. (24), 
(26), and (27): 

Niqh ≅ 2.5 · 10–4, 
Nirh
 
≅ 10–4–10–5 and 

Feqh
 
≅ 5.4 · 10–4, 

Ferh
 
≅ 

≅ 2 · (10–4–10–5), 
Ni,Fe

2
BP 10

n
q −≥ δ.

It is easy to see that the obtained values of magnetic fields indicate 
the possibility of their practical application. Their smallness compared to 
8M  allows neglecting the effect of the fields on the DW magnetic struc­
ture [22]. Besides, we have 

Ni Niq rh h≥  and 
Fe Feq rh h≥ . In turn, the estimate 

for 
BPn

q  is consistent with the condition of locality of the DW gyrotropic 
bending: 

BPn
q δ

.
It should be said that wn as the probability of the distribution 

BP, 2
xHn W=  of quanta over n discrete levels of a quantum oscillator is 

described by the Poisson distribution (see Ref. [65]): 
1

!
n n

nw e n
n

−= 

 .

Analysis of this expression shows that the maximum probability of 
realising quantum state n ≅ 10 is achieved at n  ≅ 10. Taking into account 
this fact, it is easy to show that the amplitudes of the magnetic fields that 
provide excitation of a given energy level in nickel and iron nanowires are 

Niqh
 
≅ 2.5 · 10–3 and 

Feqh
 
≅ 5.4 · 10–3, respectively.

The temperature Tq at which quantum oscillations of BP can actually 
be estimated by the following formula

	
BPq BT n k= ω ,	 (28)

where Bk  is the Boltzmann constant.
Considering that the maximum values for Ni and Fe nanowires are 3 

and 10 GHz, respectively (see above), and assuming the principal quantum 
number n ≅ 10, we find the following estimates from Eq. (28): 

Ni
1.4qT ≤  K 

and 
Fe

4.6qT ≤  K.

Thus, in these nanosystems, the temperatures at which quantum oscil­
lations of BP occur correspond to the temperatures at which helium is 
liquid. Moreover, the obtained 

NiqT  and 
FeqT  values indicate the macro­

scopic nature of the process. Actually, given that the effective mass of a 
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magnon is of 2610 g−≈  [66], and we have 
Ni

21
BP 2.8 10m −≈ ⋅  g and 

Fe

15
BP 1.2 10m −≈ ⋅  g for BP in the nickel and iron nanowire, respectively 

(see above), it is not difficult to determine that the number of magnons 
participating in quantum oscillations is of ≅105. This result allows us to 
classify this phenomenon as a magnetic macroscopic quantum effect.

It should be especially noted that formulas (19), (26) were obtained us­
ing the phenomenological description of magnetic relaxation in the Lan­
dau–Lifshitz equation for the magnetisation vector in a ferromagnet [67]. 
At the same time, taking into account the relaxation terms of the ex­
change nature in this equation [68] leads to a rather high magnetic after­
effect appearing during the BP movement [69], which was observed in an 
experiment in yttrium–iron garnet at room temperature [70]. Let us show 
that this effect can be neglected at lower temperatures.

Based on the Bloch’s T1/2 law for magnetisation, we can write the fol­
lowing expression (see Ref. [71]):

	
1 2

0.0587

(0)
BM k T

M SQ JS

∆  =  
 

,	 (29)

where (0) ( )M M M T∆ = −  is the deviation of magnetisation from its mag­
nitude (0)M M=  at T = 0 K, the parameter Q = 2.4 for b.c.c. and f.c.c. 
lattice, respectively, S is the average value of the spin number, and J is 
the exchange integral.

At the same time, we can write using the mean-field model [71]: 
3

2 ( 1)
B Ck T

J
zS S

=
+

, where z is the number of nearest neighbours, and TC is 

the Curie point of a ferromagnet.
Substituting the above expression into formula (29), and also assu­

ming S ≈ 1, Ni 12z = , 
Fe 8z = , 

Ni
631CT =  K, 

Fe
1043CT =  K for the tempera­

tures of liquid helium, we estimate 310M M −∆ ≅ , which indicates the 
smallness of the effect of changing the magnitude of magnetisation due to 
the exchange interaction. This result allows us to ignore the correspond­
ing relaxation terms in the Landau–Lifshitz equation.

6. Bloch Point Wave Packet Time Evolution

The quantum dynamics of BP in space can be described by a wave packet 
(WP) which is a superposition of 2 1m +  (1 m n  ) eigenfunctions of the 
quantum oscillator in the quasi-classical approach [72]:

	
2

BP

1
( )2

0

1 1
( , ) ( )

2 1 2

m
i n m t

n n k
n k

k m

t e H e
m x

− ξ ω +
+

+=−

ϕ ξ = ξ
+ π

∑ ,	 (30)

where 0x xξ = , 0 BP BPx m= ω
, t is the time, and ( )n kH + ξ  are the Her­

mite polynomials.
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The function 0 nx ϕ  at 30n = , 
5m = , 0t =  is shown in Fig. 6. As ex­

pected, the centre of gravity of WP 
(position of the most probable loca­
tion of BP) is localised near the wall 

BP

1/2
0( ( / ) 7.7)

n
A xξ = ≈  of the potential 

well of the oscillator. Its co-ordinate 
is ≈7.6. At this point, 0 0Re 1n nx xϕ = ϕ ≈ 

0 0Re 1n nx xϕ = ϕ ≈ . Moreover, the equilibri­
um position of the oscillator shifts by 

BPx〈 〉  (see the derivation of formula 
(24)). We will consider the WP dy­
namics in relation to this point.

Let us find the time after which the WP smearing occurs. Since the 
characteristic scale of interaction of the potential with the quasiparticle is 

0x∝  (see wave functions in Eq. (30)), it is natural to take this distance as 
the effective width of the WP main maximum. Assuming that the shape of 
this profile is symmetrical, we conclude that the smearing of the packet 
occurs when its centre of gravity fluctuates by a critical value 0 2x x∆ ∝ . 
Then, the corresponding time, after which the transformation of the WP 
will occur, can be determined as 2

tr 2t x v= ∆ 〈 〉, where 2v〈 〉 is the root-mean 
square velocity of the WP centre of gravity.

Fig. 6. Wave packet in the point t = 0 [54]

Fig. 7. Wave packet in the point BP0.5t = ω : (a) the real part of WP; (b) the imagi­
nary part of WP [54]
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Using further the Heisenberg uncertainty principle, which in our case 
can be written as 2

BP 2m v x〈 〉∆ ≥  , it is easy to find from the above for­
mula that 1

tr BPt −≤ ω .
Obviously, the above result does not depend on the specific material of 

the nanowire. However, it should be considered as an estimate due to the 
assumptions we made, and it should be accepted that 1

tr BPt −≅ ω .

Fig. 9. The same as in the previous figure, but for BP2t = π ω  [54]

Fig. 8.  The same as in the previous figure, but for 1
tr BPt t −= ∝ ω  [54] (dashed curves 

correspond to the function, which envelopes the beats)
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Let us now consider the behaviour of the WP in the following points: 

BP0.5t = ω  (Fig. 7), 1
tr BPt t −= ≅ ω  (Fig. 8), BP(2 )t = π ω  (Fig. 9) and BP trt t= π ω −  

(Fig. 10), BP( 0.5)t = π − ω  (Fig. 11), BPt = π ω  (Fig. 12). These points cor­
respond to the half-period of BP oscillations and characterise the proces-
ses of the WP transformations. The wave packet investigation at these 
times will allow us to establish the effect of beats on BP quantum oscil­
lations.

Fig. 11. The same as in Fig. 7, but for BP( 0.5)/t = π − ω  [54]

Fig. 10. The same as in the previous two figures, but for BP trt t= π ω −  [54]
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Calculations show that in the 
point BP0.5t = ω , the WP is smeared 
(interaction with the right wall of the 
potential well decreases). After fini­
shing of this process, at the moments 
of time 1

BPt −≅ ω , it transforms into 
beats (Fig. 8). This wave, which is for­
med as a result of the superposi tion 
of two wave functions with equal am­
plitudes and close values of energies 
and wave numbers, provides the fur­
ther transfer of quasiparticle energy. 

After the transformation of the WP into beats, the train of the formed 
wave moves to the left wall of the well (see Figs. 9 and 10), near this wall, 
the reverse process of transforming beats into WP occurs at the moment 
of time BP trt t= π ω −  (interaction with the left wall of the potential well 
increases). After this, the WP real part of the centre of gravity tends to 
localise near the left wall of the potential well of the oscillator (Figs. 11, 
a, 12), while the imaginary part of the WP goes to zero at the moment of 
time BPt = π ω . Besides, the real part of the WP in the point BP( 0.5)t = π − ω  
coincides with one in the point BP0.5t = ω  (cf. Fig. 7, a with Fig. 11, a). In 
turn, the imaginary parts of the WP differ in sign (cf. Fig. 7, b with Fig. 
11, b). In this case, the probability density of the quasiparticle n n

∗ϕ ϕ  is 
equal. Future, after the moment of time BPt = π ω , the process of BP 
quantum oscillations (the reverse movement of the WP to the right wall of 
the potential well) occurs in the order we indicated above.

Note also that the formation of a one-wave function train is caused by 
a single act of transformation of the WP in the point 

trt t= .
Let us find the group velocity of beats ug, i.e., the velocity of the 

maximum of their train. For this purpose, based on Ref. [73], we write 
down the expression for the beat amplitude b:

	 0

1
2 cos

2

E
b a t k

∆  = − ξ∆  
  

,	 (31)

where a0 is the amplitude of superposed wave functions, 
BPn

E E∆ 

 
and 

k k∆   are small changes in their energy and wave number k, respectively.
Since only wave functions with 0 0 BP2 0.254

n
a x A= =  (and 0 BP 7.7

n
k lx A l= π = π 

0 BP 7.7
n

k lx A l= π = π , 0,  1,  2l = ± ± ) can propagate along the length 

BP, 02 nA x  (potential well width), we find max 02 0.51b a= ≈  (all parameters 
of the wave are given in the dimensionless form). In turn, the calculated 

Fig. 12. The same as in Fig. 6, but for 

BPt = π ω [54]
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results in Figs. 8–10 indicate that wave functions with 7.7k = π  (l = 1) 
superpose.

Obviously, the argument of the cosine in formula (31) is equal to π at 
the maximum point. Expanding it in series near a given point, we find 

g

d E
u

dt k

ξ ∆
= =

∆
.

Substituting BP tr(2 )dt t≅ π ω −  and BP 02
n

d A xξ ≈  (Figs. 8 and 10) into 
this formula, we derive an expression for the average group velocity of 
beats, which in dimensional form can be written as

	 g BP BP0.88
n

u A〈 〉 ≈ ω .	 (32)

At the same time, the average quasi-classical velocity of the oscillator 
is BP BP BP BP(2/ ) 0.64

n n
A Aπ ω ≈ ω  within the range BP BPn n

A x A− ≤ ≤ . This is 

less than gu〈 〉 , which is consistent with the fact that the beat train begins 
its motion at time ttr and ends at BP trtπ ω − . Therefore, it needs a higher 

velocity to transfer the energy of the quasiparticle during a half-period of 
oscillation.

According to formula (32), the group velocity estimate for BP quan­
tum oscillations in nickel and iron nanowires (for this WP) gives 〈ugNi

〉 ≅ 
≅ 1.8 ⋅ 102 cm/s and 〈ugFe

〉 ≅ 5 ⋅ 102 cm/s, respectively. In this case, we have 
ttrNi

 ≅ 5.3 ⋅ 10–11 s and ttrFe
 ≅ 2 ⋅ 10–11 s.

Using relationship (26) and the group velocity values obtained above, 
one can estimate the μBP—mobility of the BP along the DW in the quasi-
classical approximation according to the following formula BP g 8 qu Mhµ ∝ 〈 〉 , 
where 

Ni

37.5 10qh −= ⋅ , 
Fe

316.1 10qh −= ⋅  in our case 30n = . Thus, we have: 

NiBP 6µ ≈  cm · s–1 · Oe–1 and 
NiBP 2.5µ ≈  cm · s–1 · Oe–1. Such values of BP mobi­

lity are significantly less than the same characteristic 76.4 cm · s–1 · Oe–1 in 
the yttrium garnet ferrite film [70] (this experiment was carried out at 
room temperature). Obviously, this fact is a consequence of the quantum 
dynamics of BP in the low-temperature region. In this case, the BP mobi­
lity along the DW can be measured practically, using SQUID magnetic 
techniques. In turn, the transformation time ttr can be measured by radio-
frequency spectroscopy methods [74].

7. Conclusion

The oscillatory properties of BP in the domain wall of a cylindrical FN are 
considered. The possibility of harmonic classical and quantum oscillations 
of BP is shown. The conditions of their practical realisation are estab­
lished. The characteristic time of transformation of the BP wave packet 
into beats and back has been determined. This effect can be used as a basis 
for experimental techniques of detecting the process of BP quantum oscil­
lations in cylindrical FN.
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БЛОХОВА ТОЧКА В ДОМЕННІЙ СТІНЦІ ЦИЛІНДРИЧНОГО 
ФЕРОМАГНЕТНОГО НАНОДРОТУ ЯК ГАРМОНІЧНИЙ ОСЦИЛЯТОР: 
КЛАСИЧНІ ТА КВАНТОВІ ВЛАСТИВОСТІ

Розглянуто коливні властивості (як класичні, так і квантові) блохової точки (БТ) у 
доменній стінці циліндричного феромагнетного нанодроту. На основі одержаних 
результатів зроблено висновок щодо можливості розгляду БТ як гармонічного 
осцилятора. Водночас квантові коливання БТ являють собою різновид магнетного 
макроскопічного квантового ефекту, який у випадку нікелевого та залізного нано­
дротів спостерігається в області гелієвих температур. Показано перетворення хви­
льового пакета БТ у процес биття, що забезпечує трансфер енергії квантового осци­
лятора. Наведені результати становлять особливий інтерес у контексті розвитку 
сучасних нанотехнологій, заснованих на фізичних властивостях циліндричних фе­
ромагнетних нанодротів, магнетна структура яких характеризується наявністю до­
менних стінок із БТ.

Ключові слова: циліндричний феромагнетний нанодріт, доменна стінка, блохова 
точка, гармонічні осциляції, хвильовий пакет, биття.


