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STATISTICAL-THERMODYNAMIC MODELS
OF THE Ni-AI-BASED ORDERING PHASES (L1,, L1,, B2):
ROLE OF MAGNETIC Ni-ATOMS’ CONTRIBUTION

Among known aircraft metal materials, Ni—Al is identified as an ordering interme-
tallic alloy with several attractive properties including low density (26 g/cm?), high
melting point (21911 K), excellent oxidation resistance (up to 1573 K), and good
thermal conductivity. These and other physical properties are caused by not only the
chemical composition, but also the atomic distribution over the crystal-lattice sites.
The interactions between atoms of different kinds lead to deviations from their
random distribution and the appearance of short-range (correlation) or even long-
range (as in the case of Ni—Al) orders. The possible types of ordered phases in Ni—Al
alloys are analysed through the obtained expressions for the occupation probability
functions of the distribution of Ni (Al) atoms over the sites of the f.c.c. and b.c.c.
lattices. The obtained expressions for the configurational free energy of ordering
structures of the L1,, L1,, and B2 types take into account both the interaction of
substitutional atoms on all (and not only the nearest) co-ordination spheres and the
magnetism of Ni atoms. As ascertained after evaluation of the Ni—Ni exchange-
interaction energy parameters for the f.c.c.-Ni—Al, the ordering of the subsystem
of interacting magnetic moments of Ni atoms somewhat counteracts the long-range
order.
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1. Concept of Atomic Order in Ni—Al Alloys

According to the experimental phase diagram of Ni-Al-system states
(Fig. 1) [1], the following ‘equilibrium’ macroscopic phases appear: dis-
ordered Al(f.c.c.)-Ni(Al)-based solid solutions, ordered (intermetallic)
cubic L1,(f.c.c.)-Ni;Al and B2(b.c.c.)-NiAl, hexagonal D5 ,-Ni,Al,,
rhombic DO0,,-NiAl, structures and (super)structures of more high rank
Ni Al, (of structural Pt,Ga, type) and Ni,Al (of I,Cd type). A feature of
these ordered phases is that they retain a high degree (parameter) of
atomic order (often up to the melting temperature) [2—6]. It is clear that
it is caused by the high (by modulus) values of ‘mixing’ energies, as well
as, as a consequence, a special spatial distribution of atoms and their
magnetic moments in alloys with the formation of the mentioned (super)
structures. On the other hand, due to a significant difference in the
atomic sizes of the components and, as a result, significant local fields
of deformation distortions of the average f.c.c. crystal lattice, Ni—Al
alloys are prone to isostructural decomposition (if Al-atoms’ concentra-
tion c¢,, > 0.1-0.12) [5, 6]. Therefore, an interest in evaluating the com-
ponent of ‘mixing’ energies corresponding to the ‘strain-induced’ inter-
action of alloying atoms arises.

As follows from experimental studies, in the f.c.c.- or b.c.c.- lattice-
based alloys, the ordered phases can be formed, which are stable against
to formation of antiphase boundaries (domains). Particularly, it concerns
the f.c.c.-lattice-based (super)structures of L1,-type (with Ni,Al or ALLNi
stoichiometry) and L1,-type (with hypothetical Ni,Al, stoichiometry in
the (meta)stable state) or the b.c.c.-lattice-based (super)structure of B2-
type (with NiAl stoichiometry). Figure 2 [7, 8] schematically reproduces
the unit cells of such superstructures (at the temperature T = 0 K).

The f.c.c. lattice of sites in the ordered L1,-type-structure alloy
consists of four sublattices, one of which is formed by the vertices, and
the other three are the centres of adjacent faces of the cubic unit cell,
which are mainly substituted by energetically non-equivalent atoms of
the first and second types, respectively. The f.c.c. lattice of sites of the
ordered L1, -type-structure alloy consists of two sublattices, the arran-
gement of their sites is represented by a system of (001) planes alterna-
ting through one. The B2-type layered (super)structure is formed be-
cause of the arrangement of the alternation of adjacent atomic planes;
it consists of two simple cubic sublattices, which mostly contain atoms
of a certain type in the sites.

The formation of an ordered, e.g., L1,-type, phase leads to the ap-
pearance of superstructural reflections in the diffraction pattern. These
reflections for the L1, phase are defined by all three non-equivalent
beams {k, = 2ra; = (100), k, = 2na, = (010), k; = 2na; = (001)} of the
one star of the superstructural wave vector k* = 2na; (D,, group). Here,
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Fig. 1. Phase diagram of Ni—Al system [1]

Fig. 2. Distribution of Ni and Al atoms over the sites of f.c.c. (a, b) and b.c.c. lat-
tices (c¢) in the substitutional superstructures: (a) stoichiometric L1,-type Ni,Al or
ALNi, (b) hypothetic stoichiometric L1 -type Ni,Al,, and (c) stoichiometric B2-type
NiAl ones [7, 8]

traditionally for x-ray analysis, vectors a;, a,, a; are the halves of main
translation vectors of the reciprocal b.c.c. lattice (for the f.c.c. lattice)
in the orthogonally related directions [1 0 0], [0 1 0], [0 O 1] with
la}| =|a)| =|a}| = 1/a, where a is a parameter of f.c.c. lattice of solid
solution.

All other superstructure vectors in the reciprocal lattice can be ob-
tained as a result of vector summation (27) 1k (jx =1,2,3) with the

structural vectors of the reciprocal lattice, (271) 'B = Z hnbn, here,
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{b,} are three basis vectors of reciprocal lattice with integer {4} num-
bers. Thus, indexes of all superstructural sites within the given recipro-
cal lattice have the form

(100) + (h, + hy —h;s5h, + b, — hysh, + hy, — hy) =
=(h,+h,—h +1;h, + h, —hy;h + h, — hy),
(010) + (hy + hy — hyshy + by — hys hy + by — hy) =
=(h,+hy —h;3h, + h, —h, +1;h + h, — hy),
(001) + (h, + hy — h;3hy + b, —hysh, + hy, — hy) =
=(h,+hy, —h;3h, + h) —hy;h + h, —hy +1),

where h,, h,, h, are the indexes of structural reflections, i.e., any inte-
ger numbers with i, + A, + h, being a doubled even number.

The L1,-type layered superstructure can be generated by one of
three non-equivalent beams k,, k,y, or k,, of the same star of the su-
perstructural wave vector k¥ = ZTca: . Therefore, the L1,-type ordering
results in the appearance of superstructural reflections of the same
type, which are determined only by, e.g., k,; vector. Other superstruc-
tural sites in such reciprocal b.c.c. lattice have indexes

(001) + (hy, + hy — hyshy + by — hys hy + hy — hy) =
=(hy, +hy —hshy +h —hyshy + hy — hy +1).

While the atomic long-range order (LRO) in the ordered Ni—Al alloy
has been studied quite completely, the data on the short-range order
(SRO) in the (dis)ordered Ni—Al alloy are practically absent. A direct
method of studying the SRO is the method of diffuse scattering of x-
rays. The first experimental determinations of the SRO parameters o(r)
by A.A. Katsnelson with co-authors in the early 1970s showed that the
Ni—-Al alloy can have a SRO extending over several co-ordination shells
(spheres), more than two ones, and significant contributions to the dif-
fuse scattering of x-rays originate from various temperature- and con-
centration-dependent effects.

Diffuse scattering by quenched samples does not correspond to the
quenching temperature, but to the state that occurs already in the
quenching process. This also applies to the results of dilatometric stu-
dies and measurements of electrical resistance. Usually, such characte-
ristics are measured for alloys, which have undergone two different
heat treatments: quenching from a certain temperature followed by low-
temperature annealing (heat treatment @A) and slow cooling (heat treat-
ment C). For the QA heat-treated alloys, both SRO and resistivity may
be greater than for the C heat-treated alloys. The state that occurs in
hardened or cold-deformed alloys, which have undergone subsequent
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low-temperature annealing, during which an increase in electrical resis-
tance occurs, was observed by H. Thomas [9, 10] and is known to be
called as the ‘K-state’. B.G. Livshits and co-authors [11, 12] put for-
ward a hypothesis according to which the increase in electrical resis-
tance during annealing can be explained by the formation of (nanoscale)
segregations in the region of stability of a single-phase solid solution.
This hypothesis was confirmed by electron-microscopy and x-ray studies
[13-15] of the formation of the K-state in the region of stability of
single-phase solid solutions for a number of nickel-based alloys. Since a
greater degree of SRO can be observed in the QA heat treatment than in
the C heat treatment, it is expected that the K-state in the alloys, in
particular, may be ordered with small antiphase domains that do not
coagulate in low-temperature annealing due to retardation diffusion ki-
netics. However, the presence of excessive vacancies, which are formed
during quenching from a high temperature, still ensures a sufficiently
high rate of diffusion in order to promote the formation of the K-state
(with heat treatment C, there are no excessive vacancies, and, therefore,
the rate of diffusion cannot ensure the formation of K-state). Similar
consequences are expected for samples of non-equilibrium alloys, which
were subjected to plastic deformation instead of hardening. In the case
of heat treatment of the QA type, the value of the SRO parameter for
the first co-ordination shell (sphere) o, may turn out to be significantly
greater than in the case of heat treatment C, e.g., due to the fact that
defects, which arise during plastic deformation, contribute to the for-
mation of a higher degree of SRO. Additional (during heat treatment C)
high-temperature annealing reduces the number of defects and, there-
fore, reduces the value of the parameter a;, which occurs during heat
treatment @A, but it turns out to be significantly greater than the
maximum value that the composition of the alloy will allow. A.A. Kat-
snelson et al. obtained such a result for the Ni—Al alloy [16]. From this,
a conclusion was made about the formation of a SRO after treatments
(deformation, hardening, and irradiation) in a special way. In contrast
to usual cases, the formation of SRO here is accompanied by the appea-
rance of concentration inhomogeneities, due to which the so-called ‘lo-
cal’ SRO is formed [17]. In the works mentioned above, despite the dif-
ferent terminology, the same effect of the phenomenon of structure
formation is obviously meant: in some works, it is called the K-state; in
others [17], it is called a state with ‘local’ SRO. This effect manifests
itself in the region of a single-phase solid solution and intensifies as it
approaches the solubility limit on the (quasi)equilibrium diagram.

A.G. Khachaturyan [18] proposed a physical mechanism that enab-
les the presence of small segregations (clusters of a certain composition)
corresponding to the single-phase region of the alloy equilibrium dia-
gram. The decisive role in this mechanism is played by internal me-
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chanical stresses and excessive vacancies, which arise, particularly, du-
ring hardening and plastic deformation. As shown [18], these vacancies
determine not only the kinetics, but also, most importantly, the thermo-
dynamics of the K-state. The last circumstance is the justification for
the fact that the region of existence of the K-state can be plotted even
on the equilibrium diagram. The idea [18] was as follows. Usually, the
decomposition of a solid solution takes place due to the redistribution of
atoms over the sites of a single-crystal lattice, and a mixture of two
(several) phases coherently connected with each other appears [19, 20].
The coherent connection of phases with different lattice parameters
leads to elastic stresses. The energy of such stresses is directly propor-
tional to the total volume of the released phase and must be taken into
account, when constructing the equilibrium diagram. Such a diagram is
a diagram of metastability. Nevertheless, it is usually considered as a
valid diagram of phase equilibria.

In order to predict the stability diagram [21-23], it is necessary to
consider a sufficiently effective internal-stress relieving (relaxation)
mechanism. Such a mechanism acts in binary alloys with an excess num-
ber of vacancies. If the inclusions of the new phase have volumes larger
than the corresponding volumes of the ‘holes’ in the matrix, then, the
diffusion of excessive vacancies to the inclusions of the new phase leads
to the ‘annihilation’ of the excess volumes of the inclusions and, thus,
to the removal internal stresses. At the same time, excessive vacancies
play the role of the third component, and their number, in accordance
with the usual rule of the lever, determines the total volume of inclu-
sions of the phase that is released and is free from internal stresses. Of
course, this volume is relatively small, and inclusions can be interpreted
as small segregations. The region of the equilibrium diagram located
between the solubility lines on the stability and metastability diagrams
can be identified with the region of the presence of the K-state. In the
absence of excessive vacancies (in the case of heat treatment C), the
thermodynamics of the alloy is determined by the metastability diag-
ram, and, therefore, the alloy does not undergo decomposition. In the
presence of excessive vacancies (in the case of QA heat treatment), the
alloy decomposes in accordance with the stability diagram. Decomposi-
tion takes place until all excessive vacancies are exhausted, allowing for
the release of internal stresses. Therefore, the decomposition stops, and
a heterogeneous system of segregations of a certain composition (K-
state) is formed. These segregations do not grow for a long time, which
is determined by the time of introduction (suction) of new vacancies
from the crystal surfaces. For example, the coalescence of segregations
due to the introduction of vacancies from the surfaces can occur during
the experiment, e.g.,, with an annealing time of several tens of days at
temperatures even much higher than room temperature. As stated in
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Ref. [18], the region of the K-state controlled by vacancies should be
located on the diagram from the side of the component that has a smal-
ler ‘atomic’ (ionic) radius (then, the excessive volume of the phase that
is released can ‘annihilate’ with excessive vacancies). This conclusion
should be confirmed for those systems, whose electron-microscopy stu-
dies show the presence of segregations, which do not undergo noticeable
coalescence, in particular, Ni—Al [24], Ni-Mo [14, 15] and Fe—Al [13]
based on nickel and iron, respectively. The fact that direct observation
of stable segregations occurred precisely for these alloys (and others)
only confirms these regularities. The crystal-chemical atomic radius of
Fe (0.126 nm) and the metallic (crystal-chemical) radius of Ni (0.124
(0.125) nm) are significantly smaller than the metallic atomic radius of
Al (0.143 nm) and the metallic (crystal-chemical) radius of Mo (0.139
(0.136) nm). The tendency, e.g., of the Ni—Al alloy to generate within it
a significant number of excessive ‘structural’ vacancies due to a sig-
nificant difference in the ‘atomic’ radii of the components and the en-
tropy effect is often noted by its inclusion into the class of extraction
alloys. Other works also covered relevant studies; particularly, see Refs.
[25—-29], as well as reviews [30-32] and bibliography therein.

2. Probability Functions of Atomic Distribution
and Configurational Internal Energies and Entropies
of the Ordered L1,-, L1,~, and B2-Type Superstructures

Let us consider a substitutional solid solution with N, and N, atoms of
two kinds, A (main component) and B (alloying component), respectively,
which can be (re)distributed over N = N, + N, sites of the certain rigid
lattice, which is commonly known in the literature as the Ising lattice.

The configurational Hamiltonian dependent on the interatomic in-
teractions in paramagnetic-state alloy reads as

AH . = %Z[W“(r, r')e, (r)c, (r) + WEE(r,x")c, (r)c, (r') +

+2W AR (r, 1), (r)e, ()

where W44(r,r'), WEB(r,r'), W4B(r,r'"") are non-magnetic (‘electrochemi-
cal’, strain-induced [33], etc.) interaction energies of two atoms A, two
atoms B, and two atoms A and B, respectively, located at the r and r’
sites of the Ising lattice. Values c¢,(r) are random functions possessing
the magnitude 1 or 0 depending on the occupation of r site by the A or
B atom, respectively (and vice-versa on the analogy of cy(r)).

Using the obvious relations c,(r) + cx(r)=1 and

D csr) = N%,
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as well as the condition of crystallographic equivalence of all sites of the
Ising lattice, we obtain the expression [34]:

- 1 ’ ’
AH, . =AHA?" +Eprrm(r,r)cB(r)cB(r )s

Oprm

where w__ (r,r') = W44(r,r') + WEB(r,r’) — 2W45(r,r’) are so-called ‘mixing’

prm

energies w(r,r') of A and B atoms in the paramagnetic state of alloy;

Oprm

AHA B = %(N — 2NBYW44(0) + NEW“E(0),

WH4B ) = Y WP (r,r)

g

r

The random value cy(r) characterizes the distribution of substitu-
tional atoms over the Ising-lattice sites. The statistical-thermodynamic
description within the (correlation-free) self-consistent field approxima-
tion can be carried out using the single-particle function P(R) = (cz(R)).
This function denote the probability of finding an atom of B type at the
site of a primitive unit cell with the origin at the point R of the Ising
lattice based on the Bravais lattice (the symbol (...) denotes the averaging
procedure by the canonical Gibbs ensemble) [34].

If the ‘mixing’ energies w(r,r') = w(R — R') corresponding to pair-
wise interatomic interactions are different from zero only for the nea-
rest neighbours, and the sites form a simple Bravais lattice, then, this
is the so-called classical Ising model for a binary alloy.

As known, within the self-consistent field approximation, the sta-
tistical thermodynamics of alloy is defined by several energy parameters
of interatomic interactions [34], viz., w(0), w(k,), ..., w(k,), ..., w(k,, ,),
which are the Fourier components of ‘mixing’ energies,

(k) = Y wR -R)e ™ ®F),
<

in the point k' = 0 (in the structural site of the reciprocal space) and in
the points k,, k,, ..., k,, ..., k,, ; (in the superstructural sites of the re-
ciprocal space), which belong to the first Brillouin zone (BZ) and the
stars s of different wave vectors. The number of these parameters equals
to the number of sublattices, M, on which the Ising lattice is subdivi-
ded, when the ordering occurs. For the f.c.c.-lattice-based solid solu-
tions, such key energy parameters are w(k,) and w(0), where k (k,k,k;)
are k, = 2na, k, = 2na;, or k, = 2nay, i.e., belongs to the X-star of the
wave vector, which corresponds to the point (100) (either (010) or (001))
of the reciprocal space of the f.c.c. lattice and ‘generates’ [34] L1, or
L1,-type (super)structures. In case of the b.c.c.-lattice-based solid solu-
tions stable against to fragmentation on antiphase domains, such the
energy parameters are w(k,) and w(0), where the wave vector k (k,k,k;)
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isk, =2n(a; +a, + a;) (or k, =n(a; + a; + a;)), i.e., belongs to the stars
of wave vectors k¥ (or k?) corresponding to the high-symmetry point
(111) (or (1/21/2 1/2)) of the reciprocal space of b.c.c. lattice and ‘gen-
erates’ [34], e.g., the B2-type (super)structure. In these cases, a;, a,, a;
are the basis translation vectors of the reciprocal lattice along the (100),
(010), and (001) directions, respectively.

Below, correlations in the mutual arrangement of atoms will not be
taken into account. Using the static concentration waves’ method [34],
one can obtain the distribution of the probabilities of substitution of
sites by the atoms of alloying component for the f.c.c.-lattice-based L1,-
type, f.c.c.-lattice-based L1,-type, and b.c.c.-lattice-based B2-type (su-
per) structures in Ni—Al alloys [8, 32]:

Ll,: P(R)=c, + g[exp (i2ma - R) + exp (i2na, - R) + exp (i2na, - R)];

L1l,: PR)=c,+ gexp (i2ra] - R);
B2: P(R) = ¢, +gexp(i2n(af +a, +ay)- R).

Here, cy; = N/N is a relative concentration of substitutional element B
in the cubic crystal based on the A-component lattice; n is a LRO pa-
rameter.

If, within the self-consistent field approximation, we substitute the
distribution functions P(R) into the expression of the configurational
internal energy of alloy with pair interatomic interactions [34],

prm

AU, . = <AH > = AU, + %z > w(R - R)P(R)P(R)),
R R

where AU, = (AH, 4-B% " and into the configurational entropy [34],

Oprm

AS,.. = —k;» [ P(R)In P(R) +(1- P(R))In(1- P(R))],
R
where k; is the Boltzmann constant, then, the expressions for configu-

rational internal energy and entropy of L1,-, L1,-, and B2-type (super)
structures in paramagnetic state are as follow, respectively:

AUconf = AIJOtzonf + E IZ)(O)C?} + irl2l'z;(kX) ’
2 16
AS, ;= —kZN {3(03 —gjln(cB —2)+3(1—03 +2j1n[1—c3 +£j+
3 3 3 3
+(CB + anln(cg + Zn) + (1 —ch — Zn)ln(l —cy —Znﬂ ;
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conf — Oconf

k., N
A'Sconf = _BT[(CB _gjln(c]g _gj + (I_CB +g)ln(l—03 +g)+

+(CB +g)ln(c3 +gj+(1—03 —gjln(l—c]s —2)};

UOconf + % |:CZII)(O) + inzw(k}l )j| ’

AU, =AU,  + %[@(0)02 + in%(k}‘)},

AU,

conf

kyN
25 [ e 1= 103
+(c3 —gjln(cB _gj+(1_63 +gjln(1—c3 +gj}

Energy parameters w(0), w(k¥), and w(k) are the Fourier compo-
nents of ‘mixing’ energies for structural (k =0) and superstructural (k¥
and k¥) wave vectors. It is important that these values contain ‘mixing’
energies w(r) for all interatomic distances r in the lattice, i.e., take into
account interaction of all atoms in the system, but not those located
within the first or several nearest co-ordination shells only.

The LRO-parameter equilibrium value, n,,, for each of (super)struc-
tural type can be determined from the equality to zero of the 1°* deriva-
tive of free energy: dAF, ./on=03(AU, ;- TAS,,,;)/dn =0. This condition
results in the transcendental equations of equilibrium for L1,-, L1,
and B2-type (super)structures, respectively:

Mg V(4 BMeg || 3Meg |+ Ny || @(KY)

ln{[cB 1 j[l Cy 1 H ancB + 1 ][1 cy + 1 H = oT Negs
ne ne ne ne w(kX)

In KCB - 7‘1] [1 —cp— 2‘1 ﬂ - anCB + 2‘1 j (1 —cp+ ?qﬂ = 0T Negs
ne ne ne T.le ﬁ](kH)

ancB - ;J{l —cp— 2q ﬂ - ancB + 2‘*}(1 —cp+ ?qﬂ = BT Neg-

The condition 0?AF, ,/on® = 0 yields equation for the bifurcation
point:

1

T ~— (kX))

A " cy(1-cp),
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where T, is a temperature of ‘loss of stability’ of disordered solid solu-
tion with respect to the formation of certain (super)structure.
Analysis, e.g., of the first equation of equilibrium, shows that the
disorder—order phase transformation into L1,-Ni,Al-type (Al,Ni-type)
structure should be a 1st-order phase transition. Solving set of equations,
which includes both the first equation of equilibrium and the condition
of equilibrium 1*-order phase transition, {AF(An,Ty) — AF(0,T,)} = 0, we
obtain the concentration dependences of the equilibrium LRO parame-
ter jump An,, and reduced (Kurnakov’s) temperature of the order—disor-
der phase transformation T, = k,T,/[w(k¥)| for the L1,-Ni Al-type struc-
ture (Fig. 3, a) [31]. The same curves are valid as a result of the nu-
merical solution of the set of equations for L1,-Al,Ni-type structure, if
abscissa denotes relative concentration of Ni, ¢y, = Ny,/N. Compara-
tively small LRO-parameter jump at T, viz., An.(c,)lx < 0.467, for
L1,-Ni;Al-type (super)structure indicates that this ordered phase is
stable with respect to the disordered one (i.e., only with SRO). In addi-
tion, to some extent, it justifies the neglect of correlation effects in the
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atomic arrangement (at least, near the order—disorder phase transfor-
mation temperature).

Analysis of the equilibrium equation and AF(An,Ty) = AF(0,Ty)
shows that the disorder—order phase transformation into the L1,-NiAl-
type structure should be a 1st-order phase transition but closer to the
2rd_order, because the LRO-parameter jump is practically unseen at the
curves in Fig. 3, b.

3. Taking into Account of Ni-Atoms’ Magnetism

The presence of the magnetic moments of Ni atoms complicates the sta-
tistical-thermodynamic analysis of the nickel alloys. In the case of the
Ni—Al alloy, only Ni atoms possess the magnetism (Al is weakly para-
magnetic); so, the analysis is reduced to the model of a binary alloy with
one magnetic component. Reviewing the literature data on the values of
magnetic moments of atoms within the Ni—Al alloys, including ordered
and stoichiometric one, Ni atoms have magnetic moments of 0.604p;, or
0.616p, according to different data (u; is the Bohr magneton; magnetic
moments can be estimated from experiments on saturation magnetiza-
tion or by the method of magnetic elastic scattering of polarized neut-
rons [35—38]). Thus, we expect to assume that the spin for Ni atoms
sy = 1/2 is more realistic as compared to s, = 1.

Let us use the Heisenberg model of localized spins (neglecting the
magnetism of collectivized electrons at T > 0 K). Then, the Hamiltonian
of the spin subsystem is

- 1 A oA
Hy, =~ EZZJNiNi(R — R')(Sg" Sg) cxers
E R

where J,,;(R — R’) is an exchange integral of two Ni ions at the sites R
and R'; éR and ,§R, denote the operators of total spin at the sites R and
R/, respectively; here, c; is a random value equal to 1 or O depending on
the atom Ni or Al occupies the site R. The multiplier cycy takes into
account the fact that only Ni-ions’ pairs contribute to the exchange en-
ergy. Averaging over all spin orientations at the sites {R} results in the
model configurational Hamiltonian:

~ 1 A oA
H, =(H)), = EZ ZJNiNi(R — RSk Sr))eyCrCr
R R’

where ((...)),, = Tr{(...)exp[~H,,/(k,T)1}/Trexp[-H, /(k,T)] is an average
over thermodynamic ensemble of interacting spins. Within the Weiss
‘molecular’ (per se mean self-consistent) field approximation,

SeSidep = (Sg- Sp))yy) = 83 0*(1-3y 1),
<§R>Sp = s, is an averaged spin moment per Ni ion with a total spin sy;,
and ¢ = s,/s; is a reduced magnetization of alloy at the given composi-
tion and temperature T'; O  is the Kronecker symbol.
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Using two last expressions and self-consistent field approximation,
the magnetic internal energy is

AU ~ l Z JNiNi(R _ R')SI%HG2 (1 - P(R)) (1 - P(R')),

magn 2
where P(R) is the above-mentioned probability functions. Then the total
configurational-dependent part of the internal energy is

AU

i- 1 r r
wont = AHZ M+ =% w (R - R)P(R)P(R)),
2 R,R’
where
w,(R-R)=w®R-R)+J,;R-R)s:c’

has a sense of the total ‘mixing’ energy; w(R — R’) are the mixing ener-
gies of Al and Ni atoms in a paramagnetic state. Including of the mag-
netism into the internal-energy expression is reduced to the change
w(R - R) > w, (R - R') and, thus, to the change of corresponding
Fourier components w(k) > w (k) — ﬁ)tot(k), where

(k) + J g (K)s2,6°.

prm

w,,(k)=w

prm

Here, Fourier component J)prm(k) of the ‘mixing’ energies {w(R — R')} cor-
responds to the paramagnetic state, Jy;(K) = ZR, Jni (R — R)e ™M ® )
is a Fourier component of exchange integrals {J;\;(R — R')}. Thus, taking
into account of the magnetism in the internal energy expression reduces
to the change of w(k) by J)tot(k).

Within the ‘molecular’-field approximation, the magnetic entropy
A8, is defined as an entropy of the system of non-interacting spin
moments, the summation of which is N sy0 = Nys;. The value Ngs;
defines the total magnetization of alloy, M, at the given temperature T [32]:

M, = NySrHp8,

where Ny, is the total number of Ni atoms; the Lande factor g = 2.0. The
case when s, = 1/2 corresponds to such an Ising model of Ni—Al alloy,
if each magnetic Ni atom has one unpaired (‘magnetic’) electron with spin
‘up’ or ‘down’. Such a model was already used in many works (see, e.g.,
bibliography in Ref. [32]). The magnetic entropy AS° is as follows [32]:

magn
l1+c 1-0, 1-0o
+ In .
2 2 2
The direct expression for the magnetic entropy of the system of mo-
ments with spins s; = 1 was obtained in Refs. [39, 40]. Authors took
into account the ‘quantization’ rule, according to which, in each of the

N, sites {R}, where the Ni atom is located, the projection of the spin
onto the selected direction of magnetization (e.g., Oz) is of 1, 0, or —1.

1

AS.Z =k N, (1 ; In

magn
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So, the configurational free energy of magnetic Ni—Al alloy, which
tends to be ordered by means of the L1,-type (super)structure, has been
obtained within the nearest-neighbour exchange-interaction model for
Sy = 1/2 and s = 1.

If the restrictions of the neatest-neighbour exchange interactions
are cancelled, the magnetic entropy is as follows [8, 31, 39]:

Siag = Epyi l:ln sh ([1 + 21 ]yNi(O-)j —Insh (ygl—wj - GNini(c):l )

Ni sNi

where ¢, is Ni-atoms’ concentration, yy, = (sy;H )/ (BzT) is the magnetic-
to-thermal-energy ratio. The magnetic energy in the numerator is de-
fined by the Weiss ‘molecular’ field H, = —py8T ;0 (With Weiss coef-
ficient I'y;;) acting on each spin from other ones and depends in direct
proportion to sy, and the reduced magnetization ¢ » <‘§R>sp/SNi) (lo] £ 1).
Brillouin function reads as follows [35, 41, 42]):

1 1 1 1
B, () = |1+ —[cth)| 1+ —yy | ——cth| o—yy |.
o (i) [ ZSNJ K 2SNinN1:| 25y {28Ni le}

The self-consistent (‘molecular’) field approximation results in the
following equation for the equilibrium spontaneous magnetization of
the magnetic (namely, nickel) subsystem:

c= B sNiHeff R
M\ R,T

Therefore, taking into account the magnetism, the specific configu-
rational free energy of the L1,-Ni—Al alloy can be written in terms of
the Brillouin function:

AF, AHY e

conf ~ + ") O+j..032_2+
oin = hrn  apr @ D @50’

3n2 ~ X F X\.2 2
+32kBT[wpm(k )+ s (K )53,0° | +

+=|3|ey. +— |In|ley, +—|+8|1-¢cy, —— |In|1-cy, —— |+
4|: [NI 4) (Nl 4) ( Ni 4) E Ny
oo S}

—Cys {ln sh [[1 + ZLJ yNi(c)J —Insh (ylz‘“—w)J ~Yn(0)B,, (yNi(G))} ,

Ni Sni
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where (as mentioned above) k, = 2na;*(0;0;1), 2ra;'(0;1;0) or 2ra;'(1; 0; 0),
and k. = 2na,'(0; 0; 0) = 0.

By analogy, expressions for the specific configurational free energy
can be written for two other (f.c.c.-based L1,-type [31] and b.c.c.-based
B2-type [8]) (super)structures with distribution of substitutional Ni and
Al atoms.

Using the conditions 0AF, ;/on = 0 and 0AF, /0o = 0, we obtain the
set of two transcendental equations for calculation of the equilibrium
values of LRO parameters for magnetic (c) and atomic (n) subsystems,
taking into account their relationship:

1 = 3 5=

c=B [_ cksT |:JNiNi (O)CI%H + EanNiNi(kX ):| SI%IiGJ ’
(1 —Cni — ﬂ/4) (cNi - 311/4) n
(1-cy +3n/4) (e, +1/4) kT

Regarding the bifurcation point, note that, within the range of
22-27 at.% Al, f.c.c.-Ni—Al alloys do not undergo actually an disorder—
order phase transformation (1%*-order phase transition according to the
symmetry change A1<L1,) at any temperatures, i.e., the ordering point
is virtually higher than the melting point or almost coincide with it [4,
43]. Liquid phase crystallizes into the (generally, nonstoichiometric)
L1,-Ni,Al-type structure, which is described by the above-mentioned
distribution of probabilities to find Ni (Al) atoms at the sites {R}.

Let 1 > ¢, > 3/4 for L1,-Ni—Al alloy. If we assume that the ‘low-
temperature’ state of the f.c.c.-Ni—Al alloy (1 > ¢y, > 3/4) is characte-
rized by the ultimate (for a given cy) LRO parameter n ~ 4(1 — cy,),
then,

1

[y (K) + T g (K¥)5%,6° .

1 - -
=B, [— [ Taini (008 +3(1 = €3)* T (67) | sfncj.
L eksT

Expanding the Brillouin function in a series by powers of y,; (small
near the Curie point T, for the magnetic—paramagnetic transition) and
linearizing it by small o, we obtain an expression for the Curie tem-
perature of L1,-Ni—Al alloy tending to be ordered [32]:

JNiNi(O)cI%Ii + 3n2jNiNi (kX )/16
kye ’

T, = —AsNi
where, taking into account that sy, = 1/2 or s, =1, A, = (s + 1) x
x8y/3=1/40r A= (sy; + 1)sy,/3 = 2/3, respectively. For as much as
possible ordered alloy with such a structure, the concentration depen-
dence of the Curie temperature is as follows:
T ~_A jNiNi(O)CI%Ii + 3(1 — cNi)ZJNiNi(kX)

C SNi .

kB cNi

ISSN 1608-1021. Usp. Fiz. Met., 2024, Vol. 25, No. 1 17



V.A. Tatarenko, T.M. Radchenko, A.Yu. Naumuk, and B.M. Mordyuk

Then, the equations for magnetization are transformed into one spe-
cial equation of the equilibrium state for spontaneous magnetization [35]:

c =B, —s—ii&c
'Ni ASNi T ’

which transforms into known equations [34] for determination of the
dependence of the reduced spontaneous magnetization on the reduced
temperature T/T:

-1
(iln1+cj =T s, =L,
T, 2

26 1-o
-1
30 o ++4 - 36° T
— | =— it =1
2 2(1-o0) T’ Ni :

It is possible to verify the acceptability of the following sufficiently
good approximate analytical expression for the description of such
equally important dependences:

7 )* T
o, =[1-—| |1+K—]|,
TC TC

where K ~ 0.73 for s, = 1/2, whereas K ~ 0.648 for s, = 1 [39]. Regar-
ding the fitting parameter K, we have to note that it makes sense to
select K from the range 0.5-0.74. For K smaller than 0.5, this appro-
ximate dependence o, = o (T/T.) deviates significantly from the nu-
merical solution; for K larger than 0.74, an approximate estimate of o,
can lead to overestimation of values (over 1) in the intermediate tem-
perature range.

4. Estimation of Exchange Interaction Parameters

Equations from previous section shown that thermodynamic properties
of magnetic alloys tending towards L1,-type ordering, under the in-
fluence of nearest-neighbour exchange interaction between Ni atoms,
are oletermined by four energy parameters: u~;prm(0), w, . (kY), Jyn(0),
and o (K.

As mentioned, the Fourier component of ‘mixing’ energies, w(k),
can be determined from the diffuse scattering of x-rays via the Krivo-
glaz—Clapp—Moss formula I, = I;,(q) = f(w(k)) [44, 45]. This formula
relates w(k) with the diffuse-scattering intensity (Io,) of the disordered
solid A—B solution caused by the SRO and measured at temperature T
in the point q = B + k located at the distance k from the nearest ‘site’ B
of the reciprocal space. There are two possibilities herewith. If an equi-
librium SRO corresponds to the paramagnetic region of the state dia-

prm
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T,K?p
& o Experimental data
500 Theoretical
approximation
400

Fig. 4. Concentration-dependent
Curie temperature T(c,) of the 300
magnetic phase transition in f.c.c.

Ni—Al alloys: o — experimental 200 ~

data (see Ref. [47] and Refs. there-

in); solid line — approximation (fit- 100 -

ting) curve according to the ob- 0 | | | ! S
tained expression for T, 0.05 0.10 0.15 0.20 ca

gram (T > T,), the value of w(k) in the Krivoglaz—Clapp—Moss formula
is J)prm(k). If the equilibrium SRO corresponds to the ferromagnetic re-
gion (T < Ty), w(k) is Wy (k) = w,,,(K) + w,,.(K).

The parameters w, (k) are not constant. In the ferromagnetic state,
the value of w,,,,.(k) = J ;(0)s%,0? depends on the temperature and com-
position, first of all, through the squared magnetization. In addition,
due to the dependence of exchange integrals on the interatomic distance
(in particular, Jy, () < 1/r%2 [6] in the three-dimensional lattice), the
implicit temperature and concentration dependences of J (k) due to
the thermal and concentration expansions of the lattice can also occur.
Thus, depending on the temperature, the Krivoglaz—Clapp—Moss for-
mula allows estimating either w (k) (if T > T,) or w, (k) (if T < T).
The difference between these two values is J y;;(0)s3,0? that corresponds
to lower temperature (T < T). This circumstance opens up opportunities
for experimental estimation of quantities JNiNi(k) for different k. After
evaluating them, it will be possible to find out exchange integrals,
Jimi(7), for different distances r in the lattice. This would be an impor-
tant result (obviously, not realizable by other methods). To perform this
task, it is necessary to carry out very sharp tempering of the alloy rela-
tive to the magnetic region.

The values of AsNijNiNi(O) and AsNijNiNi(kX) can be estimated through
the optimization procedure using the literature data (see Refs. in the
review [32]) on concentration-dependent Curie temperature. To estimate
the values of A, Jy;(0) and A, J(k¥) for sy, = 1/2 and 1, we have to
use the above-mentioned expression for the Curie temperature and ex-
perimental values of T, obtained for both the partially ordered alloy and
the most ordered one at given composition. In the first case, the value
of 1 can be approximately estimated, while in the second case, the LRO
parameter n is assumed to be equal to 4(1 — cy,).

Authors of Ref. [47] used experimental data on the concentration-
dependent T, for f.c.c.-Ni—Al (Fig. 4) and estimated the Fourier para-

ISSN 1608-1021. Usp. Fiz. Met., 2024, Vol. 25, No. 1 19



V.A. Tatarenko, T.M. Radchenko, A.Yu. Naumuk, and B.M. Mordyuk

meters of the short-range exchange interaction between Ni moments
AsNijNiNi(O) and AsNiJ nini(E¥) as well as corresponding values of exchange
integrals Jy;(7) and J () in the real space within the first two co-
ordination shells. As seen from Table 1, for both spins s; = 1/2 and 1,
exchange integrals correspond to ferromagnetic character of Ni-atoms’
interaction on the distance of the first (I) co-ordination shell, whereas
to antiferromagnetic one on the Ni—Ni-distance of the second (II) co-
ordination shell.

The values of J ,\;(0)s%, estimated from the measuring the energy of
magnons at small k [46] better agree with estimations of  ,\,(0)s2, found
out accordingly to the experimental Curie points for s, = 1/2. Although
generally such estimates show that the above-mentioned methods of es-
timating the magnetic-energy parameter J nini(0)s%; agree with each oth-
er only qualitatively, it follows from them that the model of localized
magnetic moments, which corresponds to the spin s, = 1/2, describes
the exchange interactions more correctly for f.c.c.-Ni—Al alloy, than the
model with s, = 1. Qualitative agreement of the value o ,;(0)s2; calcu-
lated from the spectrum of spin waves within the model of exchange in-
teraction of nearest neighbours, on the one hand, with the value J,,(0)sZ;
estimated from experimental Curie points, which does not include the
assumption of exchange interaction of only nearest neighbours, on the
other hand, indicates a greater reliability of the latter.

To estimate the Fourier components J (k) of the exchange-inter-
action integrals for arbitrary k points of the reciprocal space, let us use
the approximate expression for it through Jy,(r) and J (7)) within
the two co-ordination shells (Table 1) in a real space:

JNiNi(k) =4J (1) [cos (% kxj cos [a—zo k, j + cos (% kyj cos (a—zo kzj +

+cos (% kzj cos [% k, H + 2 i (131) [cos(aokx) +cos(ayk,) + cos(aokz)] ,

where &, k, k, are the Cartesian components of the wave vector k in the
reciprocal space of f.c.c. lattice within the first BZ. By plotting the

Table 1. Fourier components jmm(k) (k = 0, k*) and corresponding
Fourier originals J(r,) of the exchange integrals of interaction
between the magnetic moments of Ni atoms in f.c.c. Ni—Al

for two nearest-neighbour co-ordination shells (n = I, IT)

Spln jNiNi(0)5 jNiNi(kX)’ JNiNi(rI)’ JNiNi(rII)’
quantum number meV meV meV meV

Sy =1/2 -185.20 478.94 -41.51 52.15

Sy =1 -69.45 179.60 -15.57 19.56

20

ISSN 1608-1021. Prog. Phys. Met., 2024, Vol. 25, No. 1




Statistical-Thermodynamic Models of the Ni—Al-Based Ordering Phases (L1,, L1,, B2)

Jaini(k), eV

eq

0.6 — Sy=1/2

== Sy=1/2

0.4

0.2

-0.2 -

~0.4 AZ Q@ A £ S J COBG N
. I [ A M L L I I 0 L L L
r XwL ' KUX LKWU T W 100 200 300 T, K

Fig. 5. Dispersion curves of the Fourier components jNiNi(k) of (magnetic) exchange
interaction for high-symmetry points of the first Brillouin zone of f.c.c.-Ni—Al lat-

tice for two values of spins of Ni atoms: s, = 1/2 and 1 [32]

Fig. 6. Approximating temperature-dependent reduced (i.e., per atom) magnetiza-
tion 6,(T) of Ni—9 at.% Al alloy for two spin ‘states’ of Ni with s, = 1/2 or 1 [47]

baad=

Fig. 7. Hypothetical L1,-type dis-
tribution of atoms, which are car-
riers of magnetic moments, over
the sites of f.c.c.-lattice [48],
when @, (k)=0, ie., neglecting
paramagnetic interactions; here,
o and e denote atomic moments
with the spin orientation ‘down’
(}) and ‘up’ (1) in the (*211)-type
planes

o

dispersion curves of the dependence of J (k) in Fig. 5 for high-sym-
metry points and directions within the first BZ, it is possible to calcu-
late the Fourier components o ,y;(0)s%, of the magnetic-interaction ener-
gies for Ni—Ni pairs of atoms. The fact that the approximation of the
exchange magnetic interaction by means of the nearest neighbours only
turns out to be unsatisfactory is evidenced by the presence of the fol-
lowing significant inequalities:

I i (B") = =6 (1) + wvv # 0, I (0) # =3 iy (K5,
ejNiNi(kX) = jNiNi(kW) = _4JNiNi(rI) + 2e]NiNi(rII) t...

iNi
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The dependences c,, = 6,,(T) are depicted in Fig. 6 for f.c.c.-Ni—9 at.%
Al solution in two equilibrium states with Ni atoms possessing spin 1/2
or 1. They were obtained through the minimization of the free energy
at n = 4(1 - ¢,), i.e., when the transcendental equation for equilibrium
spontaneous magnetization becomes valid.

As seen in Fig. 5, the minimum of Fourier component of exchange
integrals, JNiNi(k), falls into the high-symmetry point L(1/2 1/2 1/2) of
the BZ surface, which would contribute to generation of hypothetical
rhombohedral L1,-type structure of atoms, which are carriers of magne-
tic moments (Fig. 7 [48]). However, the L1,-type (super)structure acts
as a characteristic feature, which is determined by the position of the
absolute minimum of the Fourier component of the total ‘mixing’ ener-
gies, i.e., the ‘paramagnetic’ component together with the magnetic one.

Thus, it is expected that the ordering of the system of interacting
magnetic moments of Ni atoms somewhat obstructs the long-range ato-
mic order in f.c.c.-Ni—Al alloys.

5. Concluding Remarks

Literature data on the thermodynamics of Ni—Al-based solid solutions
were reviewed and analysed that made it possible to outline the current
state of problems and existing challenges, and contributed to the de-
velopment and construction of statistical-thermodynamic models of or-
dered (super)structures based on a nickel lattice with Al atoms.

The method of static concentration waves predicts possible types of
(super)structures of the Ni—Al alloy. The expressions for the probability
functions of the distribution of Ni (Al) atoms over the sites of cubic
(f.c.c. or b.c.c.) lattices and the corresponding configurational internal
energies and entropies (and, therefore, free energies) of the ordering
(super)structures of the L1,-, L1,-, and B2-types are presented. The in-
teratomic interaction within the all co-ordination shells is taken into
account by switching to the Fourier components of ‘mixing’ energies.
The magnetism of Ni atoms and the energy parameters of the exchange
Ni—Ni interaction are estimated. As found, in f.c.c.-Ni—Al alloys, the
ordering of the subsystem of interacting magnetic moments of Ni atoms
somewhat counteracts to the long-range substitutional-atomic order.
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CTATUCTUYHO-TEPMOOMHAMIYHI MOOEJII
VIIOPIOKOBHUX ®A3 (L1,, L1,, B2) HA OCHOBI Ni—-Al:
POJIb MATHETHOI'O BHECKY ATOMIB Ni

Cepen Bimomux asiamiiiHux merasieBux martepianiB Ni—Al izenTugikoBaHo AK ymo-
PAIKOBHUN iHTepMeTaJIeBUI CTOII i3 KilbKOMAa MPUBAOJIUBUMHU BJIACTUBOCTAMU, B TOMY
YmCJIi HUBBKOIO I'yCTHUHOW (26 r/cM?®), BUCOKOIO TeMIepaTypoio TomieHHsa (21911 K),
BimmimHOIO crifikicTio 1070 oKMCcHeHH (Ho 1573 K) i rapHoio TemionposignicTio. ITi
Ta iHIm (pisuuHi BJIACTHMBOCTI 3yMOBJIEHO HE JIUIIe XEeMiUHHM CKJIQJOM, ajie i PoasIIo-
IiJIoM aTOMiB MmO By3JjlaX KPUCTaJNiuHOl r'paTHuili. Bsaemomii Misk aromamMm pisHOTO
COPTY IPUBOAATH A0 BiIXWJIiB BiJ BUIIAZKOBOTO PO3MOAiNY iX i BUHUKHEHHS 0JIM3bKO-
ro (kopensiiiiHoro) a6o HaBiTh mamexoro (aK y Bumagky Ni—Al) mopsankis. B gamiit
po0oTi mpoaHAIi30BAHO MOMKJIMWBI TUIN YHOPAZKOBHUX (as cromiB Ni—Al saBmaxu
ollep;KaHUM BUpasaM AJs HMoBipHicHuUX (yHKIi# posmoxiny aromiB Ni (Al) mo Bys-
nax TIIK- #t OIIK-rparuuns. B ofgep:kanux BUpasax mIjasa KoHGIrypamiiinol BiabHOL
eHeprii ynmopaakoBHUX cTpyKTyp tumy L1,, L1, i B, BpaxoBaHO B3a€MOZil0 aTOMiB
3aMiIlleHHA Ha ycix (a He juIlle HANOIMIKYNX) KOOPAMHAILIIHUX cdhepax i MarHeTu3M
atomiB Ni. 3a oI[iHKOI0 eHepreTuuHuX mnapamerpiB oominHoi Ni—Ni-Bzaemonii Bcra-
HoBJeHO, 110 y 'IK-Ni—Al ymopsaakyBaHHSA CHCTEMH B3a€EMOMIMHUX MarHETHUX MO-
MeHTiB aTomiB Ni IesK Iepelrkom;Kae JaJeKoMy IOPAIKY.

Karouosi caoBa: Ni—Al, crarucTuyHa TepMoAWHAMIKA, MaJleKUl aTOMOBUM ITOPAIOK,
eHepria «3Mimanua», oOMiHHA B3a€EMO/isfA, HAMArHeTOBAHICTh.
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